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A new fuzzy multiple attributive group decision making 
methodology and its application to 
propulsion/manoeuvring system selection problem 
A. İ. ÖLÇER1
Abstract 
, A. Y. ODABAŞI, Faculty of Naval Architecture and Ocean Engineering, 
İstanbul Technical University, 80626, Maslak, İstanbul, TURKEY 
In this paper, a new fuzzy multiple attribute decision-making (FMADM) method, which is 
suitable for multiple attributive group decision making (GDM) problems in fuzzy environment, 
is proposed to deal with the problem of ranking and selection of alternatives. Since the 
subjectivity, imprecision and vagueness in the estimates of a performance rating enter into 
multiple attribute decision-making (MADM) problems, fuzzy set theory provides a mathematical 
framework for modelling vagueness and imprecision. In the proposed approach, an attribute 
based aggregation technique for heterogeneous group of experts is employed and used for 
dealing with fuzzy opinion aggregation for the subjective attributes of the decision problem. The 
propulsion/manoeuvring system selection as a real case study is used to demonstrate the 
versatility and potential of the proposed method for solving fuzzy multiple attributive group 
decision-making problems. The proposed method is a generalised model, which can be applied 
to great variety of practical problems encountered in the naval architecture from 
propulsion/manoeuvring system selection to warship requirements definition. 
Keywords: Multiple criteria analysis, Fuzzy sets, Group decision-making, Heterogeneous group 
of experts, Aggregation, Consensus 
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1. Introduction 
This research was initiated with a desire to utilise a fuzzy decision making tool in the selection of a 
propulsion/manoeuvring system. By its very nature the solution methodology should model the following 
principle requirements to emulate the practice: 
• Presence of multiple attributes which may be assigned crisp or fuzzy valuations, 
• Multiple decision makers whose expertise on attributes are not uniform or are not considered to be uniform 
by the final decision maker, i.e. the moderator, 
• Moderator may have a bias towards one of the alternatives, 
The literature review has revealed that none of the existing methodologies provided a satisfactory solution, 
although for each item of the above requirements there was a wealth of methods available. In the development of 
the research a new methodology has been devised which satisfies all of the above requirements. This paper 
presents the methodology with an application to the propulsion/manoeuvring system selection problem. 
From a methodological point of view, the propulsion/manoeuvring system selection problem is a fuzzy multiple 
attributive group decision-making problem where fuzzy assessments and multiple expert opinions are 
considered. 
A decision maker (or expert) is often faced with the problem of selecting a solution from a given set of finite 
number of alternatives. The chosen alternative is the best one or a compromise option that meets certain 
predefined objectives/goals. The Multiple Attribute Decision Making (MADM) methods are engineering and 
management decision aids in evaluating and/or selecting the desired one from a finite number of alternatives, 
which are characterised by multiple attributes. 
MADM problems are of importance in a variety of fields including engineering, economics, etc. For a review of 
the various MADM methods the reader is referred to, for example, (Hwang and Yoon, 1981), (Chen and Hwang, 
1992), (Stewart, 1992) and (Yoon and Hwang, 1995). 
In propulsion/manoeuvring system selection decision problem, where ranking and selection is required, MADM 
situations are characterised by the following interrelated problems: 
The problems involve vagueness and fuzziness and the decision maker has the difficult task of choosing among 
the many alternatives to specify the best alternative. The imprecision comes from a variety of sources such as i) 
Unquantifiable information, ii) Incomplete information, iii) Non-obtainable information (Chen and Hwang, 
1992). In many cases the decision maker has inexact information about the alternatives with respect to an 
attribute. 
The classical MADM methods cannot effectively handle problems with such imprecise information. These 
classical methods, both deterministic and random processes, tend to be less effective in conveying the 
imprecision and vagueness characteristics. This has led to the development of Fuzzy Set Theory (FST) by 
(Zadeh, 1965), who proposed that the key elements in human thinking are not numbers but labels of fuzzy sets. 
FST is a powerful tool to handle imprecise data and fuzzy expressions that are more natural for humans than 
rigid mathematical rules and equations. 
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It is obvious that much knowledge in the real world is fuzzy rather than precise. In propulsion/manoeuvring 
system ranking/selection problems, decision data of MADM problems are usually fuzzy, crisp, or mixture of 
them. Hence, a useful decision model is to provide the ability to handle both fuzzy and crisp data. 
The most of the decision problems in ship design involves the work of a team of experts or specialists (naval 
architects, design engineers, ship owners, etc.) and are focused on an analysis and evaluation of attributes of 
decision-making process. Human opinions often conflict because of group decision-making in fuzzy 
environment. Consequently, they are, in fact, cases of fuzzy multiple attributive GDM problems. The important 
issue of fuzzy multiple attributive GDM is to aggregate conflicting opinions. 
In general, the importance of each expert against an attribute may not be equal. Sometimes there are important 
experts in decision group, such as the executive manager of a shipyard, or some experts who are more 
experienced than others, the final decision is influenced by the degree of importance of each expert. Therefore, a 
good method of aggregating multiple expert opinions must consider the attribute based assigned degree of 
importance of each expert in the aggregation procedure. 
Therefore, this research is devoted to find a useful and rational decision making model that provides the ability 
to handle the aforementioned problems. The main aim of this research is to contribute to the development of an 
MADM method with multiple decision makers, capable of working in a fuzzy environment. 
This paper is organised as follows. Section 2 outlines the general features of the FMADM problem. Section 3 
then presents a new FMADM approach. In Section 4, propulsion/manoeuvring system selection as a real case 
study is used to show the applicability of the proposed approach. Finally, the last section summarises this 
research and concluding remarks are given. 
2. Problem statement and literature review 
Decision-making is one of the subjects to which FST has been successfully applied to in the recent years. 
Various approaches to different aspects of decision problems with vague data have been published and a large 
amount of literature is available on applications of MADM under fuzzy environment. 
(Liang and Wang, 1991) proposed a decision algorithm to solve the facility site selection problem under fuzzy 
environment. By utilising this algorithm, the decision makers’ fuzzy assessments with various rating attitudes 
and the trade-off among various selection attributes can be taken into account in the aggregation process. (Liang 
and Wang, 1993) also applied this algorithm to the robot selection problem under fuzzy environment. (Karsak, 
1998) proposed a two-phase decision method for robot selection problems. In the first phase of the method, Data 
Envelopment Analysis is used to determine technically efficient robot alternatives. In the second phase of the 
method, Liang and Wang’s approach is utilised to rank the robots according to both objective and subjective 
attributes of the problem. (Liang, 1999) presented a new FMADM approach based on the concepts of ideal and 
anti-ideal points in order to develop a weighted suitability decision matrix to evaluate the weighted suitability of 
different alternatives versus various attribute. 
(Machacha and Bhattacharya, 2000) proposed a system based on fuzzy logic and applied it to the problem of 
selection for database software packages. 
(Chen, 1994) developed a method for handling multiple attribute fuzzy decision-making problems, in which the 
characteristics of the alternatives are represented by interval-valued fuzzy sets. (Chen, 1997) presented a new 
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method to solve the tool steel materials selection problem under fuzzy environment, where the importance 
weights of different criteria and the ratings of various alternatives under different criteria are assessed in 
linguistic terms represented by fuzzy numbers. 
(Chang and Chen, 1994) proposed a decision algorithm based on the FST and hierarchical structure analysis to 
solve the technology transfer strategy selection problem, where the linguistic variables and fuzzy numbers are 
used to aggregate the decision makers’ subjective assessment about attribute weightings and appropriateness of 
alternative transfer strategies versus selection attribute to obtain the final scores called fuzzy appropriateness 
indices. 
(Yeh et al., 2000) proposed an FMADM method, which gives crisp ranking values for the performance 
evaluation problem of urban public transport systems. (Chen, 2001) presented a new MCDM approach to solve 
the distribution centre location problem under fuzzy environment. 
(Ravi and Reddy, 1999) used Yager’s FMADM approach to rank both coking and non-coking coals of India for 
industrial use. In this study, three different kinds of membership functions in conjunction with four kinds of 
aggregators were used and the results were compared. 
(Wang, 1997) modelled the imprecise preference structure of decision making in conceptual design based on the 
outranking approach and fuzzy preference relations and a valve selection problem was used to illustrate the 
concept. (Wang, 1999) considered the Quality Function Deployment (QFD) planning as an MADM problem and 
proposed a new fuzzy outranking approach to prioritise design requirements recognised in QFD and used an 
example of a car design to illustrate the proposed approach. (Gungor and Arikan, 2000) compared and ranked 
natural gas, imported coal, and nuclear power plant alternatives in terms of long term Turkish production 
economy. In this study, they used a fuzzy outranking approach (Wang’s approach) for Turkish energy policy 
planning. 
(Maeda and Murakami, 1988) proposed a new FMADM technique and applied it in a company choice problem 
under fuzzy environment. This new method’s main features are the use of fuzzy connectives to represent the 
decision maker’s preference structure and fuzzy probability to express imprecise and uncertain outcomes. 
(Perego and Rangone, 1998) gave a reference framework for the application of a FMADM approach to 
Advanced Manufacturing Technologies (AMTs) selection. In particular, the implied conjunction methodology, 
the fuzzy linguistic model and the fuzzy hierarchical model based on pair wise comparisons were compared with 
respect to their application to AMTs selection. 
(Azzone and Rangone, 1996) proposed a new framework of Manufacturing Competence (MC) and suggested a 
consistent measurement framework derived from FST. Their proposed fuzzy approach was applied to measure 
the MC of a company that operates in the plastic industry. 
(Ekel, 1999) proposed a general approach to solving a wide class of optimisation problems with fuzzy 
coefficients in objective functions and constraints. This approach has been applied within the context of fuzzy 
discrete optimisation models. 
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The general MADM model is described as follows: 
Let X = {Xj | j=1, … , N} be a finite set of alternatives (courses of action, candidates) and A = {Ai | i=1, … , K} 
be a finite set of attributes according to which the desirability of an alternative is to be judged. And let R = {Rij | 
i=1, … , K; j=1, … , N} be the KxN decision matrix, where Rij is the performance rating of alternative Xj with 
respect to attribute Ai. An MADM problem can be expressed in matrix format as follows: 
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Multiple attribute decision analysis starts with the generation of the attributes. Determination of the attributes is 
critically important to the final ranking and thus should be done very carefully. The attributes should be 
complete and exhaustive, contain mutually exclusive items and be restricted to performance attributes of the 
highest degree of importance. 
There are basically two types of attributes for a selection problem, namely ‘subjective’ and ‘objective’ attributes. 
Main assumption of this research is that if an assessment for an alternative with respect to an attribute is crisp, 
this kind of attribute is called an “objective attribute”. Such ratings, which are usually provided by suppliers and 
manufacturers, are not changed from one expert to the other. When experts’ opinions for an alternative with 
respect to an attribute are fuzzy assessments, which can be different or identical, since subjectiveness is involved 
into the MADM problem, then this attribute is called “subjective attribute”. 
Subjective and objective attributes can also be divided into two classes. The first class is of ‘cost’ (or ‘input’) 
nature (the larger, the less preference). The second class is of ‘benefit’ (or ‘output’) nature (the larger, the more 
preference), (Parkan and Wu, 1998). 
The aim of MADM is to determine the best alternative with the highest degree of desirability with respect to all 
relevant attributes. The performance rating (or estimated rating) of each alternative on each of a given set of 
attributes is the basis for final decision. These performance values on the attributes involved for each alternative 
are aggregated to form a preference rating and the alternative with the highest preference, indicating the best 
overall performance, is identified. The classical (or crisp) MADM techniques assume all Rij values are crisp 
numbers. In the practical MADM problems, Rij values can be crisp and/or fuzzy (linguistic terms, fuzzy 
numbers) data. 
FMADM methods have been developed due to the lack of precision in assessing the performance ratings of 
alternatives with respect to an attribute. FMADM is a subcategory of Fuzzy Multiple Criteria Decision Making 
(FMCDM). FMCDM can be classified as Fuzzy Multiple Objective Decision Making (FMODM) and FMADM; 
the former emphasises on continuous decision making spaces and it mainly deals with multiple objective 
mathematical programming problems; the latter mainly deals with discrete decision-making space problems.  
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A large number of articles in the literature on decision-making analysis have addressed the FMADM methods. 
(Zimmermann, 1987), (Dubois and Prade, 1980), (Chen and Hwang, 1992), (Ribeiro, 1993), (Ribeiro and 
Baldwin, 1995) and (Ribeiro, 1996) have indicated that the FMADM methods basically consist of two phases: 
• Phase (I) is the aggregation of the performance ratings (or the degree of satisfactions) with respect to all 
attributes for each alternative, and 
• Phase (II) is the ranking of the alternatives according to the overall aggregated performance ratings. 
The methods for solving phase (II) problems are referred to as “fuzzy ranking methods”, and methods for 
solving phase (I) and/or both phases of MADM problems are referred to as FMADM methods (Chen and 
Hwang, 1992). 
(Riberio, 1996) concentrated on phase (I) of FMADM methods and classified them into five categories. These 
are “non-fuzzy methods”, “fuzzy hierarchical aggregation methods”, “conjunction implication methods”, 
“weighted average aggregation methods”, and “weighted average aggregation with criteria assessment methods”. 
(Perego and Rangone, 1998) grouped FMADM techniques into four major categories, namely “fuzzy goal 
methodology”, “fuzzy linguistic models”, “fuzzy hierarchical models based on pair wise comparisons”, and 
“heuristic models based on fuzzy logic”. 
The best one of the good surveys is done by (Chen and Hwang, 1992). They make distinctions between fuzzy 
ranking methods and FMADM methods and they have reviewed and analysed most of the known FMADM 
methods. 
In this research, the most of the FMADM methods in the literature are classified as Simple Additive Weighting 
(SAW) Based FMADM Approaches, AHP Based FMADM Approaches, Outranking Relation Based FMADM 
Approaches, Implied Conjunction Methods, Fuzzy Linguistic Approaches, and Miscellaneous FMADM 
Methods. This classification is given in Table 1. These techniques are compared and evaluated based on a few 
criteria such as type of performance ratings, type of attribute weights, result of the Phase I, and GDM means. 
The study of FMADM problems has a lot of room for improvement. After a critical review of the existing 
FMADM methods, as mentioned above, the shortcomings of them have been assessed as follows: 
1. Lack of research on FMADM methods with GDM problems, 
There has been little research on FMADM methods under GDM environment. All of the SAW based methods, 
outranking based techniques, implied conjunction methods, and (Rangone, 1998), (Dubois et al., 1988), (Negi, 
1989), (Yeh et al., 2000), (Chen and Hwang, 1992)’s approaches don’t handle fuzzy multiple attributive GDM 
problems, even though multiple experts’ judgements are frequently required to make a sound engineering 
decision. 
2. Excessive fuzzification and computational aspects, 
Most approaches of the existing FMADM methods, such as all of the fuzzy linguistic approaches, (Baas and 
Kwakernaak, 1977), (Dubois and Prade, 1983), (Bonissone, 1982), (Laarhoven and Pedrycz, 1983), etc., require 
unnecessary fuzzifying of crisp data so that the each element of the decision matrix must be represented in a 
fuzzy format, although they are crisp in reality. 
The majority of the existing approaches, such as AHP based methods and (Takeda, 1982), require involved and 
complex computations. For example, in AHP based approaches, exhaustive pair wise comparison is time 
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consuming if there are many attributes in the MADM problem. All of the fuzzy outranking methods are suitable 
only during evaluation process for early product design stages, but not for all types of MADM problems. In 
Efstathiou (1979), since most of the effort is required for the development of the set of fuzzy decision rules, in 
decision contexts with many attributes to consider, developing the whole set of fuzzy decision rules would be 
hardly possible. While in today’s computing environment this does not pose a serious problem, it may deter the 
management from using FMADM methods. 
3. A new fuzzy multiple attributive group decision analysis approach 
An FMADM method is proposed to overcome aforementioned difficulties. The new FMADM algorithm will be 
developed in the following three major states: 
1. Rating state, 
2. Attribute based aggregation state, 
3. Selection state. 
In the first state, each expert gives his/her opinions (or performance ratings) about alternatives with respect to 
each subjective attribute. These ratings are generally in fuzzy data form. The fuzzy data can be linguistic terms 
or verbal assessments. This kind of qualitative data can be better modelled by fuzzy numbers. This state aims to 
convert fuzzy data into standardised positive trapezoidal fuzzy numbers. 
In the second state, attribute based aggregation method for homogeneous and heterogeneous 
(homo/heterogeneous) group of experts is employed. Sometimes, one may admit that the various experts are not 
equally important (or reliable). In such a case, it is called heterogeneous (non-homogeneous) group of experts 
problem and, otherwise, homogeneous group of experts problem is considered. Aggregation is necessary only for 
subjective attributes. After the weights of attributes and the degree of importance of experts are assigned, under 
each subjective attribute all performance ratings are aggregated for each alternative. 
Finally, all fuzzy elements of the aggregated decision matrices for homo/heterogeneous group of experts are 
deffuzzified in the deffuzzification phase of the last state. The result of this phase is a decision matrix, which 
contains only crisp (or non-fuzzy) data. Then the alternatives of the problem are ranked by TOPSIS (Technique 
for Order Preference by Similarity to Ideal Solution) method. The conceptual model of the proposed method 
(Ölçer, 2001) is illustrated in Figure 1. It is important to note that the specific methods employed in this 
particular solution development are for convenience only. The methodology remains valid and representative of 
actual decision making processes even one employs alternative specific methods. 
3.1. Rating state 
In this state, in order to establish the decision matrix for each expert, experts express their opinions for each 
alternative with respect to each subjective attribute. This can be carried out by questionnaires, which are used for 
soliciting expert opinions for each alternative with respect to each subjective attribute. 
The estimates of experts of a subjective attribute for an alternative involve subjectiveness, imprecision, and 
vagueness. For example, these opinions can be linguistic terms such as good, medium, fair etc. or sentences such 
as “at least two”, or “approximately between 6.6 and 6.7”. 
The concept of linguistic variable is very useful in dealing with situations, which are too complex or too ill-
defined to be reasonably described in conventional quantitative expressions (Zadeh, 1975a), (Zadeh, 1975b). A 
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linguistic variable is a variable whose values are not numbers but words or sentences in a natural or artificial 
language (Zimmermann, 1991). 
3.1.1. Converting fuzzy data to standardised fuzzy numbers 
If the decision matrix of the problem contains fuzzy data, which may be expressed in linguistic terms, linguistic 
terms must first be transformed into fuzzy numbers by using appropriate conversion scale. 
In the proposed method, a numerical approximation system proposed by (Chen and Hwang, 1992) is used to 
systematically convert linguistic terms to their corresponding fuzzy numbers. There are generic verbal terms in 
this system where Scale 1 contains only two verbal terms and Scale 8 contains 13 verbal terms. Since linguistic 
terms are not mathematically operable, to cope with that difficulty, each linguistic term is associated with a fuzzy 
number, which represents the meaning of each generic verbal term. 
The principle of this system is to pick a Scale that matches all the linguistic terms in a row (attribute) of the 
decision matrix and use the fuzzy numbers on that Scale to represent the meaning of these linguistic terms. The 
system is used on all rows, which contain linguistic terms, one by one (Chen and Hwang, 1992). The linguistic 
terms used in those conversion Scales and their corresponding representations of fuzzy numbers are given in 
Table 2. Engineers and ship designers can employ this conversion system in the proposed approach since this 
system is simple enough to be understood by the decision maker, and easy to use. 
If the decision matrix contains non-standardised fuzzy numbers, which may be expressed in sentences such as 
“approximately equal to 11”, they must be converted to standardised fuzzy numbers. 
Experts’ fuzzy opinions are represented as trapezoidal fuzzy numbers. The reason of using trapezoidal fuzzy 
numbers is that it is intuitively easy to be used by the decision makers. 
Let U be the universe of discourse, U=[0, m]. A trapezoidal fuzzy number can be defined by a quadruplet A = 
(a1, a2, a3, a4). The membership function is 
otherwise
axfora
axfora
axfora
aaxa
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)/()(
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with a1 ≤ a2 ≤ a3 ≤ a4. The x in interval [a2, a3] gives the maximal grade of µA(x), i.e. µA(x)=1; it is the most 
probable value of the evaluation data. a1 and a4 are the lower and upper bounds of the available area for the 
evaluation data , which are used to reflect the fuzziness of the evaluation data. 
Assume that each expert Ek (k=1, 2, … , M) constructs a positive trapezoidal fuzzy number Rk=(ak, bk, ck, dk) to 
represent the estimated rating for an alternative with respect to a subjective attribute, where 0≤ ak ≤ bk ≤ ck ≤ dk 
≤ m. 
Translate each trapezoidal fuzzy number Rk=(ak, bk, ck, dk) given by expert Ek into standardised trapezoidal fuzzy 
number Rk*(k=1, 2, … , M), where 
Rk*=(ak/m, bk/m, ck/m, dk/m) = (ak*, bk*, ck*, dk*)              (1) 
and 0≤ ak* ≤ bk* ≤ ck* ≤ dk* ≤1. Where m is the maximum value of non-standardised trapezoidal fuzzy numbers 
given by experts for the same attribute. 
 9 
3.2. Attribute based aggregation state 
In this state, an attribute based aggregation approach for homo/heterogeneous group of experts under each 
subjective attribute is employed. Since the aggregation is based on each subjective attribute, expert weighting is 
also determined separately for each subjective attribute. This yields more accurate and reliable decision-making 
models. When more than one expert involve into the selection problems, each expert might have a different 
weight. For ex: An expert, who is very experienced on ship propulsion systems, may not give good assessments 
for operational aspects as in propulsion systems. Therefore, attribute based expert weighting is a necessity and a 
good method of aggregating multiple expert opinions must consider the degree of importance of each expert in 
the aggregation procedure. One way of modelling this aspect is to consider the existence of a manager (or 
moderator) that assigns a weight to each expert. The purpose of this state is to establish an algorithm to combine 
a homo/heterogeneous group of experts’ opinions to form a group consensus opinion. 
3.2.1. Trapezoidal fuzzy number aggregation 
In the aggregation state of the proposed approach, the method presented in (Chen, 1998) is used for dealing with 
fuzzy opinion aggregation for homo/heterogeneous group of experts. This algorithm essentially is a modification 
of the study proposed in (Hsu and Chen, 1996). 
Assume that the degree of importance of expert Ek (k=1, 2, … , M) is wek, where wek∈ [0, 1] and 1we
M
1k
k =∑
=
. 
In some cases, the relative importance of experts is widely different for each attribute of the problem. Therefore, 
the relative importance and weight of each expert is considered. First, the most important person is selected 
among experts and weight one is assigned him/her, i.e. rek=1. Then the lth expert is compared with the most 
important person and a relative weight for the lth expert rel, l=1, 2, … , M, is obtained. So we have max {re1, re2, 
… , reM}=1 and min {re1, re2, … , reM}>0. Finally, the degree of importance wek is defined as follows: 
∑
=
= M
1k
k
k
k
re
rewe                      (2) 
If the importance of each expert is equal then we1 = we2 = … = weM = 1/M. 
The aggregation algorithm for homo/heterogeneous group of experts is presented as follows: 
a) Calculate the degree of agreement (or degree of similarity) Suv (Ru, Rv) of the opinions between each pair of 
experts Eu and Ev, where Suv (Ru, Rv) ∈ [0, 1], 1 ≤ u ≤ M, 1 ≤ v ≤ M, and u≠v. 
A method introduced by (Chen and Lin, 1995) is used for measuring the degree of similarity between trapezoidal 
fuzzy numbers. According to this approach, let A and B be two standardised trapezoidal fuzzy numbers, 
A = (a1, a2, a3, a4) and 
B = (b1, b2, b3, b4) 
Where 0 ≤ a1 ≤ a2 ≤ a3 ≤ a4 ≤ 1 and 0 ≤ b1 ≤ b2 ≤ b3 ≤ b4 ≤ 1. Then the degree of similarity between the 
standardised trapezoidal fuzzy numbers A and B can be measured by the similarity function S, 
4
1),( 44332211
babababa
BAS
−+−+−+−
−=               (3) 
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Where S (A, B) ∈ [0, 1]. Larger the value of S (A, B), greater the similarity between the standardised 
trapezoidal fuzzy numbers A and B. It should be noted that S (A, B) = S (B, A). 
b) Construct the agreement matrix (AM), after all the agreement (or similarity) degrees between experts are 
measured, 

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Where Suv = S (Ru, Rv), if u≠v and Suv = 1, if u=v. By the definition of S(Ru, Rv), the diagonal elements of AM 
are unity. 
c) Calculate the average degree of agreement AA(Eu) of expert Eu (u=1, 2, … , M) by using the AM of the 
problem, where 
∑
≠
=−
=
M
uv
1v
vuu )R,R(S1M
1)E(AA                  (4) 
d) Calculate the relative degree of agreement RA (Eu) of expert Eu (u=1, 2, … , M), where 
∑
=
= M
1u
u
u
u
)E(AA
)E(AA)E(RA                    (5) 
e) Calculate the consensus degree coefficient CC (Eu) of expert Eu (u=1, 2, … , M), where 
)E(RA).1(we.)E(CC uuu β−+β=                 (6) 
Where β (0 ≤ β ≤ 1) is a relaxation factor of the proposed method. It shows the importance of the weu over 
RA(Eu). When β = 0, a homogeneous group of experts problem is considered. 
The consensus degree coefficient of each expert is a good measure for evaluating the relative worthiness of each 
expert’s opinions. 
f) Finally, the aggregation result of the fuzzy opinions is RAG as 
RAG=CC(E1) ⊗ R1 ⊕ CC(E2) ⊗ R2 ⊕ … ⊕ CC(EM) ⊗ RM ,          (7) 
where operators ⊗ and ⊕ are the fuzzy multiplication operator and the fuzzy addition operator, respectively. 
The fuzzy multiplication and addition of trapezoidal fuzzy numbers are also trapezoidal fuzzy numbers 
(Kaufmann and Gupta, 1991). The proposed method is independent of the type of membership functions being 
used. Some other membership functions, for example triangular membership functions, are also applicable. 
3.3. Selection state 
Up to this state, we have aggregated all experts’ ratings for each alternative under each subjective attribute. In 
order to rank the alternatives of the problem, we have to defuzzify all aggregated trapezoidal fuzzy numbers so 
that all components of the aggregated decision matrix are all crisp numbers and any classical MADM method 
can be used. The selection state consists of two major phases: Defuzzification, and Ranking phases. 
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3.3.1. Defuzzification phase 
This phase allows fuzzy numbers to be translated to crisp values early on, so that the arithmetic process of the 
proposed approach becomes easy. In this phase, all the aggregated fuzzy numbers are transformed into numeric 
ratings using fuzzy scoring approach (Chen and Hwang, 1992) as explained below. The reason of using this 
method is that it is intuitive and easy to implement. The result of this phase is a decision matrix, which contains 
only crisp data. 
According to the fuzzy scoring method proposed by (Chen and Hwang, 1992), the fuzzy maximising set and 
minimising set should be first obtained, which are defined as; 
µmax (x) = 


 ≤≤
otherwise 0,
1x0for  x,                   (8) 
µmin (x) = 


 ≤≤
otherwise 0,
1x0for  x,-1                   (9) 
Then, the right score of fuzzy number B can be determined using 
µR(B) = [ ])()(sup max xxB
x
µµ Λ                   (10) 
The left score of B can be determined using 
µL (B) = [ ])()(sup min xxB
x
µµ Λ                   (11) 
Given the left and right scores of B, the total score of B can be computed using 
µT (B) = [ ] 2/)(1)( BB LR µµ −+                  (12) 
3.3.2. Ranking phase 
In the ranking phase of the selection state, classical MADM methods can be utilised to determine the ranking 
order of the alternatives. TOPSIS method, which gives cardinal order of the alternatives, is used in this research 
because of its general and broad acceptability in many problem domains. 
3.3.2.1. TOPSIS 
(Hwang and Yoon, 1981) developed the TOPSIS method based on the intuitive principle that the chosen 
alternative should have the shortest distance from the positive-ideal solution and the longest distance from the 
negative-ideal solution. 
TOPSIS is quite effective in identifying the best alternative quickly. The underlying logic premise of the 
TOPSIS method is that an alternative that is more like an ideal alternative (the best that could be imagined) and 
more unlike a negative-deal alternative (the worst that could be imagined) should be preferred. In the TOPSIS 
method, the ideal alternative is constructed out of exclusively the best attribute values attainable and therefore it 
is usually an invented alternative. The negative-ideal alternative is also usually an invented alternative that is 
constructed out of exclusively the worst attribute values attainable. The relative closeness (similarity) of each 
alternative to the ideal alternative is rated on the basis of its distances from both the ideal and the negative- ideal 
alternatives simultaneously. Finally, the preference order of the alternatives is obtained by their rank on a 
descending order of those ratings. The computational procedure of the TOPSIS method is quite straightforward. 
According to TOPSIS, following steps are to be performed: 
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1. Calculate Normalised Ratings. This step tries to transform various attribute dimensions into the non-
dimensional attribute, which allows comparison across the attributes. The vector normalisation technique is used 
for computing the element (rji) of the normalised decision matrix, which is given as 
∑
=
=
N
1j
2
ji
ji
ji
x
x
r , j = 1, 2, … , N ; i = 1, 2, … , K.              (13) 
Where xji is the value of alternative j with respect to attribute i. 
2. Calculate Weighted Normalised Ratings. A set of attribute weights assessed from the decision maker is 
accommodated to the normalised decision matrix in this step. The weighted normalised decision matrix can be 
calculated by multiplying each row of the normalised decision matrix with its associated attribute weight wi. An 
element of the weighted normalised decision matrix is calculated as 
jiiji rwv = , j = 1, 2, … , N ; i = 1, 2, … , K             (14) 
Where wi is the weight of the ith attribute. 
There are many methods for assigning attribute weights such as weighted evaluation technique (WET), 
eigenvector method, entropy method, etc. In the proposed method, WET is used for finding the attribute weights. 
WET is a conventional and highly useful weighting technique. 
According to WET, the moderator (or manager) begins by rank ordering attributes and attribute relative 
importances are assigned on a zero to 100 scale. The attribute perceived as most important is assigned a weight 
of 100; all other attribute relative importances are assigned relative to that. 
The final step of the weighting procedure is to normalise the relative importances, {r1, r2, … , rK}, to obtain the 
weights {w1, w2, … , wK}. The standard normalisation is 
∑
=
= K
1i
i
i
i
r
rw  , i = 1, 2, …, K,                  (15) 
Where 0≤ wi ≤ 1 and 1w
K
1i
i =∑
=
. 
3. Identify Positive-Ideal and Negative-Ideal Solutions. Let the positive-ideal solution, A*, and the negative-ideal 
solution, A-, be defined in terms of the weighted normalised values: 
A* = {v1*, v2*, … , vi*, … , vK*}, where 
vi* = { }2jij1jij Ji,vmin;Ji,vmax ∈∈                 (16) 
A- = {v1-, v2-, … , vi-, … , vK-}, where 
vi- = { }2jij1jij Ji,vmax;Ji,vmin ∈∈                 (17) 
Where J1 is the set of benefit attributes and J2 is the set of cost attributes. 
4. Calculate Separation Measures. Separation (distance) between alternatives can be measured by the n-
dimensional Euclidean distance. Separation of each alternative from the positive-ideal solution is then given by 
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∑
=
−=
K
1i
2*
iji
*
j )vv(S j = 1, 2, … , N               (18) 
Similarly, separation from the negative-ideal solution is then given by 
∑
=
−− −=
K
1i
2
ijij )vv(S j = 1, 2, … , N               (19) 
5. Calculate Similarities to Positive-Ideal Solution. Relative closeness (or similarity) of Aj with respect to A* is 
defined as 
−
−
+
=
j
*
j
j*
j SS
S
C , 0 < Cj
* < 1; j = 1, 2, … , N              (20) 
When Cj* is close to 1, the alternative is regarded as ideal; and when Cj* is close to 0, the alternative is regarded 
as non-ideal. 
6. Rank Preference Order. Choose an alternative with the maximum Cj* or rank alternatives according to Cj* in 
descending order. It is clear that an alternative Aj is closer to A* than to A- as Cj* approaches 1. 
The proposed approach presented above contains the following steps: 
Step 1. Form a committee of experts (or decision makers), then identify the selection attributes with types (cost 
or benefit) of them and list all possible alternatives. 
Step 2. Collect each expert opinion for each alternative with respect to a subjective attribute and establish a 
decision matrix for each expert. 
Step 3. Transform the fuzzy data (linguistic expressions or fuzzy assessments) into standardised positive 
trapezoidal fuzzy numbers attribute by attribute by using equation (1). 
Step 4. Assign the relative importances of experts and attributes, and then calculate the weights of them by 
using equations (2) and (15) respectively. 
Step 5. Under each subjective attribute, aggregate all experts’ fuzzy opinions for each alternative by using the 
equations (3), (4), (5), (6), and (7). This step gives us aggregated matrices for homo/heterogeneous group of 
experts. 
Step 6. Deffuzzify these matrices by applying equations (8), (9), (10), (11), and (12) on every fuzzy number in 
question. Up to this point, we have transformed the aggregated decision matrices with fuzzy elements into ones 
with crisp numbers. 
Step 7. Construct the normalised ratings, and weighted normalised ratings of the deffuzzified matrices by using 
equations (13) and (14). 
Step 8. Then calculate positive-ideal and negative-ideal solutions, separation measures, and similarities of each 
alternative by using equations (16), (17), (18), (19), and (20). 
Step 9. Order or rank the alternatives according to the OAR values (Cj* values) and select the alternative with 
the maximum OAR value as the best alternative. 
Based on the above stepwise algorithm, this methodology has been coded into an interactive PC-based computer 
program incorporating two modules. The rating and aggregation states of the proposed method are included in 
the first module of the computer program. For the first module of the program, Microsoft Excel has been 
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employed. Second module, where selection state calculations are carried out uses first module results by 
establishing a link between Excel and the computer program.  
4. Case study 
This case was originated from a feasibility evaluation of Turkish Maritime Lines (TDI) for Karaköy – 
Haydarpaşa – Kadıköy route, and the data was taken from a research project titled “Choice of Propulsion System 
for a Double Ended Ferry (Odabaşi et al., 1992)”. 
The propulsion/manoeuvring system selection is based on the study that has been conducted for the selection of 
propulsion/manoeuvring system of a double ended passenger ferry to operate across the Bosphorus in Istanbul 
with the aim of reducing the journey time in highly congested seaway traffic (Insel and Helvacioglu, 1997). The 
appropriate propulsion/manoeuvring system from among three alternatives, namely, conventional propeller and 
high lift rudder, Z drive and cycloidal propeller were being tried to choose. Propulsion/manoeuvring system 
alternatives and their abbreviations are given as follows: 
The set (of alternatives) X is given by: X = {X1 (Conventional propeller and high lift rudder (2x1)), X2 (Z drive 
(2x2)), X3 (Cycloidal propeller (2x1))}, where 2x2 means two propulsion units at both ends, 2x1 means one 
propulsion unit at both ends. 
The selection decision is made on the basis of one objective and six subjective attributes. These attributes, which 
are critical for the selection of propulsion/manoeuvring system of a double-ended passenger ferry, are the 
following: 
A1: Investment cost (IC), 
A2: Operating cost (OC), including handling, repair and maintenance costs, 
A3: Manoeuvrability (MV),  
A4: Vibration and noise (VN), 
A5: Reliability (RL), including mechanical safety, redundancy, service experience, 
A6: Propulsive Power Requirement (PPR), including ship geometry, ship resistance, power requirement, 
propulsion efficiency, 
A7: Propulsive Arrangement Requirement (PAR), including required propulsion capacity. 
Since it is useful to develop a hierarchical structure showing the overall objective, the attributes and alternatives, 
this hierarchy for the propulsion/manoeuvring system evaluation problem is shown in Figure 2. Attributes’ 
properties such as type of attributes and type of assessments are summarised in Table 3. 
4.1. Rating state calculations (Steps 1, 2, and 3) 
The alternatives of the case study are evaluated by a group of experts (managing director (E1), designer (E2), and 
operator (E3)) with respect to six subjective attributes as shown in Table 4. The ratings for each alternative with 
respect to A1 are 72.5, 77.5, and 123.5 respectively. Since the only objective attribute of the decision problem is 
A1, the ratings for this attribute will not be aggregated. Note that all ratings for the first and second attribute are 
in thousands of dollars. 
Experts’ fuzzy assessments for the second subjective attribute are all converted to fuzzy numbers. For example, 
‘approximately equal to 6.6’ can be represented by the trapezoidal fuzzy number of (6.4, 6.6, 6.6, 6.8). 
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For the rest of the attributes (A3, A4, A5, A6 and A7), experts’ linguistic assessments are transformed into fuzzy 
numbers by using appropriate scale described in Section 3.1.1. Linguistic terms are matched with Scale 8 (for 
A3), Scale 6 (for A4), Scale 7 (for A5), Scale 5 (for A6), and Scale 3 (for A7). These transformed fuzzy numbers 
are shown in Table 4. Then for the second attribute, all non-standardised fuzzy numbers are converted to 
standardised fuzzy numbers. Results for each expert are also given in Table 4. 
4.2. Attribute based aggregation state calculations (Steps 4, and 5) 
In this state, all ratings are aggregated under each subjective attribute by taking into account the attribute based 
expert weights. Before aggregation, it is necessary to identify the weights of attributes and experts. Therefore, 
manager (or moderator) of the decision problem, TDI (as Ship Owner), assigns relative importance of attributes 
and experts. Then weights of them can be easily calculated. 
The relative importance of attributes and experts are assigned according to importance observed through 
interview with moderator. Then weights for attributes and experts are determined such that the sum of all 
weights is 1. The relative importance and weights of attributes and experts are given in Table 5. 
During the whole process of the aggregation state, β, showing the moderator’s dominance on the problem, is 
assumed to be 0.4. 
As an example, detailed aggregation calculations for the fourth attribute (A4) are given in Table 6. These 
calculations involve attribute based necessary aggregation calculations, such as degree of agreement, relative 
degree of agreement of each expert, etc. Experts’ opinions for the second alternative with respect to the fourth 
attribute and their aggregation results for homo/heterogeneous group of experts are given as an example in 
Figure 3. 
After aggregation calculations, aggregation matrices for homo/heterogeneous group of experts can be 
constructed easily as shown in Table 7. 
4.3. Selection state calculations (Steps 6, 7, 8, and 9) 
Up to this state, experts’ fuzzy and linguistic assessments have been transformed into standardised trapezoidal 
fuzzy numbers and then aggregated under each subjective attribute. In order to rank the alternatives, aggregated 
matrices’ fuzzy elements should be defuzzified. Defuzzified aggregated values for homo/heterogeneous group of 
experts are shown in Table 8. 
TOPSIS procedure is applied to the three alternatives to obtain their OAR values and ranking orders. First, the 
defuzzified aggregated values are normalised. Table 8 shows the normalised values of each attribute for 
homo/heterogeneous group of experts. 
Weighted normalised ratings of each attribute can be calculated by multiplying each attribute with its associated 
weight: (w1, w2, w3, w4, w5, w6, w7) = (0.22, 0.13, 0.35, 0.04, 0.20, 0.04, 0.02). Table 8 also shows the weighted 
normalised values for homo/heterogeneous group of experts. 
Determination of the positive-ideal solution can easily be made by taking the largest element for each benefit 
attribute and the smallest element for each cost attribute. The negative-ideal solution is just the opposite 
formation of the positive-ideal solution. Positive and negative ideal solutions are given in Table 9 for 
homo/heterogeneous group of experts. 
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Table 10 shows the values of separation measures and relative closeness to the positive-ideal solution for 
homo/heterogeneous group of experts. 
Finally, propulsion/manoeuvring system alternatives are ranked on the basis of Cj* values. For homogeneous 
group of experts, according to the descending order of Cj*, the preference order is X2 > X1 > X3, where the 
second alternative is the leader and X1 and X3 are ranked second and third. Similarly, for heterogeneous group of 
experts, ranking of alternatives based on the Cj* values is given as X2 > X1 > X3. Figure 4 shows the ranking of 
alternatives for homo/heterogeneous group of experts. 
4.4. Sensitivity analysis 
Sensitivity analysis is performed to see the β effect on the OAR values. β Values are taken as the range between 
0.1 and 1 as shown in Table 11. In Table 11, OAR values with respect to each β value are also given. According 
to the sensitivity analysis performed, this case is not sensitive for β coefficient. As shown in Figure 5, while the 
β values grow, ranking of alternatives doesn’t change. Hence, for homo/heterogeneous group of experts, based 
on the sensitivity analysis the second alternative (Z drive) has to be ranked in the first position among the others 
and the first alternative’s performance is ranked in the second position. It should be emphasized that there have 
been other real case studies indicating significant β effect on OAR value (see Figure 6) such as multiple attribute 
evaluation of ship main engine alternatives. 
5. Conclusions 
This paper presented an effective FMADM method, which is very suitable for solving the multiple attributive 
GDM problems in a fuzzy environment where the information available is subjective and imprecise. 
Mathematical treatment of subjectivity and vagueness through fuzzy numbers is also discussed. The proposed 
method enables the decision-maker to incorporate and aggregate subjective opinions given by heterogeneous 
group of experts. A real ship design case study has been carried out to exemplify the proposed approach.  
The main novel elements of the proposed method: 
• It is a new FMADM method that is easy to use and understand, 
• The method is flexible enough for the situations where fuzzy and non-fuzzy assessments are necessary. 
The proposed approach allows MADM problems to take data in the forms of linguistic terms, fuzzy 
numbers, and/or crisp numbers. This yields more realistic, accurate and reliable decision models than 
the existing ones, 
• Through the use of trapezoidal fuzzy numbers, the proposed method provides a systematic way to 
aggregate the expert opinions in GDM, which may be objective or quasi-subjective depending on the 
preferences of the moderator, 
• It is the only method that enables the attribute-based aggregation for heterogeneous group of experts. 
• The proposed method gives the decision maker the flexibility of selecting of any other classical MADM 
methods such as SAW, SMART etc., 
• The proposed method eliminates the difficulties resulting from ranking of fuzzy numbers. 
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From the naval architectural point of view, the proposed method is a generalised model, which can be applied to 
great variety of practical problems encountered in the naval architecture from propulsion/manoeuvring system 
selection to warship requirements definition.  
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Table 1 Classification of the most of the FMADM methods in the literature 
FMADM Approaches 
Performance 
Ratings 
Attribute Weights Result of the 
Phase I GDM Crisp Fuzzy Crisp Fuzzy 
SAW Based Techniques 
Baas & Kwakernaak (1977)     Fuzzy X 
Kwakernaak (1979)     Fuzzy X 
Dubois & Prade (1983)     Fuzzy X 
Cheng & McInnis (1980)     Fuzzy X 
Bonissone (1982)     Fuzzy X 
AHP Based Techniques 
Laarh. & Pedrycz (1983)     Fuzzy  
Buckley (1985)     Fuzzy  
Ruon. & Xiaoyan (1992)     Fuzzy  
Chang (1996)     Fuzzy  
Outranking Relation Based Techniques 
Roy (1977)     Crisp X 
Siskos et al (1984)     Crisp X 
Brans et al (1984)     Crisp X 
Takeda (1982)     Crisp X 
Wang (1997)     Crisp X 
Implied Conjunction Techniques 
Bellman & Zadeh (1970)    Crisp X 
Yager (1977, 1978)     Crisp X 
Fuzzy Linguistic Approaches 
Liang & Wang (1991, 1993)     Fuzzy  
Chang & Chen (1994)     Fuzzy  
Wang &Chang (1995)     Fuzzy  
Chen (1997)     Fuzzy  
Rangone (1998)     Fuzzy X 
Liang (1999)     Fuzzy  
Yeh et al (2000)     Crisp X 
Chen (2001)     Fuzzy  
Miscellaneous FMADM Techniques 
Efstathiou (1979)    Fuzzy  
Dubois et al (1988)     Crisp X 
Negi (1989)     Crisp X 
Chen&Hwang (1992)     Crisp X 
Where  
 : Enable 
X : Not enable 
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Table 2 Linguistic terms and their corresponding fuzzy numbers used in the proposed approach 
 Linguistic terms Scale 1 Scale 2 Scale 3 Scale 4 Scale 5 Scale 6 Scale 7 Scale 8 
1 None        (0, 0, 0.1) 
2 Very Low   (0, 0, 0.1, 0.2)  (0, 0, 0.2) (0, 0, 0.1, 0.2) (0, 0, 0.2) (0, 0.1, 0.2) 
3 Low – Very Low       (0, 0, 0.1, 0.3) (0.1, 0.2, 0.3) 
4 Low  (0, 0, 0.2, 0.4) (0.1, 0.25, 0.4) (0, 0, 0.3) (0, 0.2, 0.4) (0.1, 0.2, 0.3) (0, 0.2, 0.4) (0.1, 0.3, 0.5) 
5 Fairly Low    (0, 0.25, 0.5) (0.2, 0.4, 0.6)  (0.2, 0.35, 0.5) (0.3, 0.4, 0.5) 
6 Mol. Low      (0.2, 0.3, 0.4, 0.5)  (0.4, 0.45, 0.5) 
7 Medium 
(also Fair) 
(0.4, 0.6, 0.8) (0.2, 0.5, 0.8) (0.3, 0.5, 0.7) (0.3, 0.5, 0.7)  (0.4, 0.5, 0.6) (0.3, 0.5, 0.7) (0.3, 0.5, 0.7) 
8 Mol. High 
(also Mol. Good) 
     (0.5, 0.6, 0.7, 0.8)  (0.5, 0.55, 0.6) 
9 Fairly High 
(also Fairly Good) 
   (0.5, 0.75, 1) (0.4, 0.6, 0.8)  (0.5, 0.65, 0.8) (0.5, 0.6, 0.7) 
10 High 
(also Good) 
(0.6, 0.8, 1) (0.6, 0.8, 1, 1) (0.6, 0.75, 0.9) (0.7, 1, 1) (0.6, 0.8, 1) (0.7, 0.8, 0.9) (0.6, 0.8, 1) (0.5, 0.7, 0.9) 
11 High – Very High 
(also Good–Very Good) 
      (0.7, 0.9, 1, 1) (0.7, 0.8, 0.9) 
12 Very High 
(also Very Good) 
  (0.8, 0.9, 1, 1)  (0.8, 1, 1) (0.8, 0.9, 1, 1) (0.8, 1, 1) (0.8, 0.9, 1) 
13 Excellent        (0.9, 1, 1) 
Where Mol.: More or less 
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Table 3 Attributes’ properties of case study 
Attributes Type of 
assessment 
Type of attribute 
A1 Crisp Cost Objective 
A2 Fuzzy (as 
approximately 
equal to) 
Cost Subjective 
A3 Linguistic Benefit Subjective 
A4 Linguistic Cost Subjective 
A5 Linguistic Benefit Subjective 
A6 Linguistic Cost Subjective 
A7 Linguistic Cost Subjective 
 
 
 
 
 24 
Table 4 Experts’ evaluations of three alternatives under the six subjective attributes and their corresponding (and standardised) fuzzy numbers 
  X1 X2 X3 
  E1 E2 E3 E1 E2 E3 E1 E2 E3 
A2 Expert opinions Approximately equal 
to 6.6 
Approximately equal 
to 6.8 
Approximately equal 
to 6.8 
Approximately equal 
to 7.2 
Approximately equal 
to 7.4 
Approximately equal 
to 7.2 
Approximately equal 
to 11.4 
Approximately equal 
to 11.8 
Approximately equal 
to 11.3 
 Corresponding fuzzy 
numbers 
(6.4, 6.6, 6.6, 6.8) (6.6, 6.8, 6.8, 7.0) (6.6, 6.8, 6.8, 7.0) (7.0, 7.2, 7.2, 7.4) (7.2, 7.4, 7.4, 7.6) (7.0, 7.2, 7.2, 7.4) (11.2,11.4,11.4,11.6) (11.6, 11.8, 11.8, 12) (11.1,11.3,11.3,11.5) 
 Standardised fuzzy 
numbers 
(0.53,0.55,0.55,0.57) (0.55,0.57,0.57,0.58) (0.55,0.57,0.57,0.58) (0.58,0.60,0.60,0.62) (0.60,0.62,0.62,0.63) (0.58,0.60,0.60,0.62) (0.93,0.95,0.95,0.97) (0.97,0.98,0.98,1.00) (0.93,0.94,0.94,0.96) 
A3 Expert opinions Good Good Fair Very Good Mol. Good Mol. Good Excellent Good Good 
 Corresponding fuzzy 
numbers 
(0.5, 0.7, 0.7, 0.9) (0.5, 0.7, 0.7, 0.9) (0.3, 0.5, 0.5, 0.7) (0.8, 0.9, 0.9, 1.0) (0.5, 0.55, 0.55, 0.6) (0.5, 0.55, 0.55, 0.6) (0.9, 1.0, 1.0, 1.0) (0.5, 0.7, 0.7, 0.9) (0.5, 0.7, 0.7, 0.9) 
 Standardised fuzzy 
numbers 
(0.5, 0.7, 0.7, 0.9) (0.5, 0.7, 0.7, 0.9) (0.3, 0.5, 0.5, 0.7) (0.8, 0.9, 0.9, 1.0) (0.5, 0.55, 0.55, 0.6) (0.5, 0.55, 0.55, 0.6) (0.9, 1.0, 1.0, 1.0) (0.5, 0.7, 0.7, 0.9) (0.5, 0.7, 0.7, 0.9) 
A4 Expert opinions Low Low Medium Medium Mol. Low Low Very Low Low Very Low 
 Corresponding fuzzy 
numbers 
(0.1, 0.2, 0.2, 0.3) (0.1, 0.2, 0.2, 0.3) (0.4, 0.5, 0.5, 0.6) (0.4, 0.5, 0.5, 0.6) (0.2, 0.3, 0.4, 0.5) (0.1, 0.2, 0.2, 0.3) (0.0, 0.0, 0.1, 0.2) (0.1, 0.2, 0.2, 0.3) (0.0, 0.0, 0.1, 0.2) 
 Standardised fuzzy 
numbers 
(0.1, 0.2, 0.2, 0.3) (0.1, 0.2, 0.2, 0.3) (0.4, 0.5, 0.5, 0.6) (0.4, 0.5, 0.5, 0.6) (0.2, 0.3, 0.4, 0.5) (0.1, 0.2, 0.2, 0.3) (0.0, 0.0, 0.1, 0.2) (0.1, 0.2, 0.2, 0.3) (0.0, 0.0, 0.1, 0.2) 
A5 Expert opinions Good Good Fairly Good Good Good – Very Good Good Good Very Good Fairly Good 
 Corresponding fuzzy 
numbers 
(0.6, 0.8, 0.8, 1.0) (0.6, 0.8, 0.8, 1.0) (0.5, 0.65, 0.65, 0.8) (0.6, 0.8, 0.8, 1.0) (0.7, 0.9, 1.0, 1.0) (0.6, 0.8, 0.8, 1.0) (0.6, 0.8, 0.8, 1.0) (0.8, 1.0, 1.0, 1.0) (0.5, 0.65, 0.65, 0.8) 
 Standardised fuzzy 
numbers 
(0.6, 0.8, 0.8, 1.0) (0.6, 0.8, 0.8, 1.0) (0.5, 0.65, 0.65, 0.8) (0.6, 0.8, 0.8, 1.0) (0.7, 0.9, 1.0, 1.0) (0.6, 0.8, 0.8, 1.0) (0.6, 0.8, 0.8, 1.0) (0.8, 1.0, 1.0, 1.0) (0.5, 0.65, 0.65, 0.8) 
A6 Expert opinions Very Low Low Fairly Low Very Low Low Low Very Low Very Low Low 
 Corresponding fuzzy 
numbers 
(0.0, 0.0, 0.0, 0.2) (0.0, 0.2, 0.2, 0.4) (0.2, 0.4, 0.4, 0.6) (0.0, 0.0, 0.0, 0.2) (0.0, 0.2, 0.2, 0.4) (0.0, 0.2, 0.2, 0.4) (0.0, 0.0, 0.0, 0.2) (0.0, 0.0, 0.0, 0.2) (0.0, 0.2, 0.2, 0.4) 
 Standardised fuzzy 
numbers 
(0.0, 0.0, 0.0, 0.2) (0.0, 0.2, 0.2, 0.4) (0.2, 0.4, 0.4, 0.6) (0.0, 0.0, 0.0, 0.2) (0.0, 0.2, 0.2, 0.4) (0.0, 0.2, 0.2, 0.4) (0.0, 0.0, 0.0, 0.2) (0.0, 0.0, 0.0, 0.2) (0.0, 0.2, 0.2, 0.4) 
A7 Expert opinions Very Low Low Very Low Medium Medium Low Medium Low Medium 
 Corresponding fuzzy 
numbers 
(0.0, 0.0, 0.1, 0.2) (0.1, 0.25, 0.25, 0.4) (0.0, 0.0, 0.1, 0.2) (0.3, 0.5, 0.5, 0.7) (0.3, 0.5, 0.5, 0.7) (0.1, 0.25, 0.25, 0.4) (0.3, 0.5, 0.5, 0.7) (0.1, 0.25, 0.25, 0.4) (0.3, 0.5, 0.5, 0.7) 
 Standardised fuzzy 
numbers 
(0.0, 0.0, 0.1, 0.2) (0.1, 0.25, 0.25, 0.4) (0.0, 0.0, 0.1, 0.2) (0.3, 0.5, 0.5, 0.7) (0.3, 0.5, 0.5, 0.7) (0.1, 0.25, 0.25, 0.4) (0.3, 0.5, 0.5, 0.7) (0.1, 0.25, 0.25, 0.4) (0.3, 0.5, 0.5, 0.7) 
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Table 5 Weights of attributes and experts 
  E1 E2 E3 
Attributes R.I. w. R.I. we1 R.I. we2 R.I. we3 
A1 63 0.22       
A2 37 0.13 1 0.5 0.70 0.35 0.30 0.15 
A3 100 0.35 0.30 0.17 0.50 0.28 1 0.55 
A4 11 0.04 0.30 0.16 1 0.53 0.60 0.31 
A5 57 0.20 0.5 0.23 0.70 0.32 1 0.45 
A6 11 0.04 0.2 0.12 1 0.63 0.40 0.25 
A7 6 0.02 0.2 0.11 1 0.56 0.60 0.33 
Where R.I.: Relative Importance. 
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Table 6 Aggregation under the fourth attribute (A4) 
 
X1 X2 X3 
E1 (0.10, 0.20, 0.20, 0.30) (0.40, 0.50, 0.50, 0.60) (0.00, 0.00, 0.10, 0.20) 
E2 (0.10, 0.20, 0.20, 0.30) (0.20, 0.30, 0.40, 0.50) (0.10, 0.20, 0.20, 0.30) 
E3 (0.40, 0.50, 0.50, 0.60) (0.10, 0.20, 0.20, 0.30) (0.00, 0.00, 0.10, 0.20) 
Degree of Agreement (S) 
S12 
S13 
S23 
1.000 
0.700 
0.700 
0.850 
0.700 
0.850 
0.875 
1.000 
0.875 
Average Degree of Agreement (AA) 
AA(E1) 
AA(E2) 
AA(E3) 
0.850 
0.850 
0.700 
0.775 
0.850 
0.775 
0.938 
0.875 
0.938 
Relative Degree of Agreement (RA) 
RA(E1) 
RA(E2) 
RA(E3) 
0.354 
0.354 
0.292 
0.323 
0.354 
0.323 
0.341 
0.318 
0.341 
Consensus Degree Coefficient (CC) 
CC(E1) 
CC(E2) 
CC(E3) 
0.276 
0.423 
0.301 
0.257 
0.423 
0.320 
0.268 
0.401 
0.331 
RAGHM (0.19, 0.29, 0.29, 0.39) (0.23, 0.33, 0.37, 0.47) (0.03, 0.06, 0.13, 0.23) 
RAGHT (0.19, 0.29, 0.29, 0.39) (0.22, 0.32, 0.36, 0.46) (0.04, 0.08, 0.14, 0.24) 
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Table 7 Aggregated matrices for homo/heterogeneous group of experts 
  X1 X2 X3 
A1 Homo 72.5 77.5 123.5 
 Hetero 72.5 77.5 123.5 
A2 Homo (0.54, 0.56, 0.56, 0.58) (0.59, 0.61, 0.61, 0.62) (0.94, 0.96, 0.96, 0.97) 
 Hetero (0.54, 0.56, 0.56, 0.58) (0.59, 0.61, 0.61, 0.62) (0.94, 0.96, 0.96, 0.98) 
A3 Homo (0.44, 0.64, 0.64, 0.84) (0.58, 0.65, 0.65, 0.71) (0.62, 0.79, 0.79, 0.93) 
 Hetero (0.42, 0.62, 0.62, 0.82) (0.57, 0.63, 0.63, 0.69) (0.60, 0.77, 0.77, 0.92) 
A4 Homo (0.19, 0.29, 0.29, 0.39) (0.23, 0.33, 0.37, 0.47) (0.03, 0.06, 0.13, 0.23) 
 Hetero (0.19, 0.29, 0.29, 0.39) (0.22, 0.32, 0.36, 0.46) (0.04, 0.08, 0.14, 0.24) 
A5 Homo (0.57, 0.75, 0.75, 0.94) (0.63, 0.83, 0.86, 1.00) (0.63, 0.82, 0.82, 0.94) 
 Hetero (0.56, 0.74, 0.74, 0.93) (0.63, 0.83, 0.87, 1.00) (0.63, 0.81, 0.81, 0.92) 
A6 Homo (0.06, 0.20, 0.20, 0.40) (0.00, 0.14, 0.14, 0.34) (0.00, 0.06, 0.06, 0.26) 
 Hetero (0.06, 0.21, 0.21, 0.41) (0.00, 0.15, 0.15, 0.35) (0.00, 0.06, 0.06, 0.26) 
A7 Homo (0.03, 0.08, 0.15, 0.26) (0.24, 0.43, 0.43, 0.61) (0.24, 0.43, 0.43, 0.61) 
 Hetero (0.04, 0.10, 0.16, 0.28) (0.24, 0.42, 0.42, 0.61) (0.22, 0.40, 0.40, 0.58) 
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Table 8 Defuzzified aggregated values, (weighted) normalised ratings for homo/heterogeneous group of experts 
  Homogeneous group of experts Heterogeneous group of experts 
  X1 X2 X3 X1 X2 X3 
A1 Defuzzified aggregated values 72.5 77.5 123.5 72.5 77.5 123.5 
 Normalised ratings 0.4452 0.4759 0.7584 0.4452 0.4759 0.7584 
 Weighted normalised ratings 0.098 0.1047 0.1669 0.098 0.1047 0.1669 
A2 Defuzzified aggregated values 0.560 0.604 0.951 0.559 0.604 0.952 
 Normalised ratings 0.4451 0.4801 0.7559 0.4442 0.4800 0.7565 
 Weighted normalised ratings 0.0579 0.0624 0.0983 0.0577 0.0624 0.0983 
A3 Defuzzified aggregated values 0.615 0.640 0.744 0.599 0.625 0.730 
 Normalised ratings 0.5310 0.5526 0.6424 0.5290 0.5519 0.6446 
 Weighted normalised ratings 0.1859 0.1934 0.2248 0.1851 0.1932 0.2256 
A4 Defuzzified aggregated values 0.307 0.364 0.136 0.309 0.355 0.148 
 Normalised ratings 0.6199 0.7350 0.2746 0.6263 0.7195 0.3000 
 Weighted normalised ratings 0.0248 0.0294 0.0110 0.0251 0.0288 0.0120 
A5 Defuzzified aggregated values 0.713 0.787 0.763 0.707 0.787 0.756 
 Normalised ratings 0.5453 0.6019 0.5835 0.5437 0.6052 0.5814 
 Weighted normalised ratings 0.1091 0.1204 0.1167 0.1087 0.121 0.1163 
A6 Defuzzified aggregated values 0.253 0.201 0.139 0.261 0.213 0.135 
 Normalised ratings 0.7193 0.5714 0.3952 0.7192 0.5869 0.3720 
 Weighted normalised ratings 0.0288 0.0229 0.0158 0.0288 0.0235 0.0149 
A7 Defuzzified aggregated values 0.155 0.437 0.437 0.174 0.434 0.415 
 Normalised ratings 0.2433 0.6859 0.6859 0.2783 0.6942 0.6638 
 Weighted normalised ratings 0.0049 0.0137 0.0137 0.0056 0.0139 0.0133 
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Table 9 Positive and negative ideal solutions for 
homo/heterogeneous group of experts 
 Positive-Ideal 
Solution 
Negative-Ideal 
Solution 
 Homo Hetero Homo Hetero 
A1 0.0980 0.0980 0.1669 0.1669 
A2 0.0579 0.0577 0.0983 0.0983 
A3 0.2248 0.2256 0.1859 0.1851 
A4 0.0110 0.0120 0.0294 0.0288 
A5 0.1204 0.1210 0.1091 0.1087 
A6 0.0158 0.0149 0.0288 0.0288 
A7 0.0049 0.0056 0.0137 0.0139 
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Table 10 Values of separation measures and relative closeness to the positive-ideal solution for 
homo/heterogeneous group of experts 
 X1 X2 X3 
 Homo Hetero Homo Hetero Homo Hetero 
Si* 0.0448 0.0464 0.0390 0.0393 0.0804 0.0805 
Si- 0.0805 0.0805 0.0733 0.0735 0.0457 0.0466 
Ci* (OAR) 0.6425 0.6343 0.6526 0.6515 0.3621 0.3666 
Ranking 2 2 1 1 3 3 
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Table 11 OAR values with respect to β values 
β X1 X2 X3 
0 0.6425 0.6526 0.3621 
0.1 0.6398 0.6514 0.3637 
0.2 0.6382 0.6514 0.3644 
0.3 0.6357 0.6514 0.366 
0.4 0.6343 0.6515 0.3666 
0.5 0.6313 0.65 0.3686 
0.6 0.6297 0.6493 0.3696 
0.7 0.6255 0.6493 0.373 
0.8 0.6226 0.6478 0.375 
0.9 0.6212 0.6475 0.3758 
1 0.6185 0.6456 0.3778 
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Figure 1 The conceptual model of the proposed method 
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Figure 2 Decision hierarchy of the propulsion/manoeuvring system evaluation problem 
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Figure 3 Aggregation of experts’ opinions under the A4 for the X2 
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Figure 4 Ranking of alternatives for homo/heterogeneous group of experts 
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Figure 5 Sensitivity due to β (Beta) coefficient 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6 Sensitivity due to β (Beta) coefficient for ship main engine selection case study 
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